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Abstract
We provide a pedagogical approach to the problem of avoided crossings
between electronic molecular curves and to diabatic and adiabatic transi-
tions when the nuclei of a diatomic molecule move according to classical
mechanics. For simplicity we restrict the analysis to only two electronic
states.
1 Introduction
Several physical and chemical phenomena are commonly described in terms of
the transition between adiabatic electronic curves that exhibit avoided crossings.
Such models are useful, for example, in the study of the quenching of molecular
species in electronically excited states by molecular gases [1], in photoinduced
chemical reactions [2, 3], as well as in the Marcus theory for electrochemical
reactions [4]. The transition between the adiabatic curves is typically described
by means of the Landau-Zener formula [5–7]. This celebrated formula has been
tested by means of simple models for pedagogical purposes [8]. In addition to
these applications to physical chemistry and molecular physics we can also men-
tion several models in classical mechanics developed as pedagogical illustrative
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examples [9–12]. These classical models are useful to test the main assumptions
of the approach by means of suitable devices that may be constructed in the
laboratory [9–11].
The purpose of this paper is to provide an additional pedagogical analysis
of the problem of avoided crossings and the adiabatic and diabatic transitions
between electronic states. In section 2 we outline the Born-Oppenheimer ap-
proximation that is the source of the appearance of the potential-energy surfaces
in the quantum-mechanical treatment of molecules. In section 3 we describe the
avoided crossing between two potential-energy curves and show some illustra-
tive results provided by a simple toy model. In section 4 we analyse earlier
discussions on the avoided crossing between polar and nonpolar curves in al-
kali halides. In section 5 we briefly describe a semiclassical approach in which
the nuclei move according to classical mechanics while the electronic states are
treated by means of the time-dependent Schro¨dinger equation and illustrate the
adiabatic and diabatic transitions between an initial and a final state. Finally,
in section 6 we summarize the main results and draw conclusions.
2 The Born-Oppenheimer approximation
The non-relativistic, time-independent Schro¨dinger equation for a diatomic molecule
with N electrons is
Hψ = Eψ,
H = Tn + Te + Vne + Vee + Vnn, (1)
where the kinetic energy of the nuclei Tn, the kinetic energy of the electrons Te
and the electron-nuclei, electron-electron and nucleus-nucleus interactions Vne,
Vee and Vnn, respectively, are given by
Tn = − h¯
2
2
(∇2A
MA
+
∇2B
MB
)
,
Te = − h¯
2
2m
N∑
j=1
∇2j ,
2
Vne = − e
2
4πǫ0
N∑
j=1
(
ZA
rAj
+
ZB
rBj
)
,
Vee =
e2
4πǫ0
N−1∑
i=1
N∑
j=i+1
1
rij
,
Vnn =
ZAZBe
2
4πǫ0rAB
. (2)
In this expressionMA andMB are the masses of the nucleiA and B, respectively,
m is the electron mass, ZA and ZB are the atomic numbers, rAj and rBj are the
distances of the electron j to each nucleus, rij is the distance between electrons i
and j, rAB = R is the distance between the nuclei and ∇2 denotes the Laplacian
for every kind of particle.
The Born-Oppenheimer approximation consists in writing the eigenfunctions
approximately as [13, 14]
ψ(rj , R) ≈ ψe(rj ;R)ψn(R), (3)
where rj stands for all the electron coordinates and the electronic and nuclear
functions ψe(rj ;R) and ψ
n(R), respectively, are solutions to
Heψ
e = Ee(R)ψe,
He = Te + Vne + Vee, (4)
and
Hnψ
n = EBOψn,
Hn = Tn + U(R),
U(R) = Ee(R) + Vnn(R). (5)
In this expression the Born-Oppenheimer energy EBO is the approximation to
the actual molecular energy E.
In this analysis we have omitted the separation of the motion of the center
of mass from the internal degrees of freedom that can be carried out in equation
(5) or, more rigorously, in equation (1) [14]. In what follows we are interested
in the clamped-nuclei equation (4) and such separation is not so relevant.
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3 Avoided crossings
In the rest of the paper we restrict ourselves to the electronic equation (4)
and for that reason we can omit the label e on the electronic Hamiltonian, its
eigenfunctions and eigenvalues, without causing (hopefully) any confusion. We
suppose that we can obtain suitable approximations to a pair of electronic states
by means of the Rayleigh-Ritz variational method with the simple trial function
ψ = c1ϕ1 + c2ϕ2, (6)
where ϕ1 and ϕ2 are two suitable orthonormal functions and c1 and c2 are vari-
ational coefficients. These coefficients and the variational energies are solutions
to the secular equations
(H11 − E) c1 +H12c2 = 0,
H21c1 + (H22 − E) c2 = 0,
Hij = 〈ϕi|H |ϕj〉 = H∗ji. (7)
We obtain nontrivial solutions if E is a root of the secular determinant. The
two roots of the characteristic polynomial
E1 =
H11 +H22
2
− ∆
2
,
E2 =
H11 +H22
2
+
∆
2
,
∆ =
√
(H11 −H22)2 + 4 |H12|2. (8)
lead to the two approximate electronic states
ψ1 = c11ϕ1 + c21ϕ2,
c21
c11
=
E1 −H11
H12
,
ψ2 = c12ϕ1 + c22ϕ2,
c22
c12
=
E2 −H11
H12
, (9)
where |c1j |2 + |c2j |2 = 1.
The matrix elements Hij depend on the internuclear distance R and we are
interested in the case thatH11(R) andH22(R) cross atR = Rc. For concreteness
we assume that H11(R) < H22(R) when R < Rc and H11(R) > H22(R) when
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R > Rc. If H12(Rc) = 0 the adiabatic energies E1(R) and E2(R) cross at
Rc but if H12(Rc) 6= 0 we are in the presence of an avoided crossing. In the
latter case the adiabatic energies approach each other as R approaches Rc and
then move away as if repelling each other. At every R the energy difference
is E2(R) − E1(R) = ∆(R) and reaches its minimum at R = Rc, where ∆ =
2 |H12(Rc)|. At this point
ψ1 =
1√
2
(
ϕ1 − |H12|
H12
ϕ2
)
,
ψ2 =
1√
2
(
ϕ1 +
|H12|
H12
ϕ2
)
. (10)
Another common assumption is that |E2(R)− E1(R)| ≫ |H12(R)| if |R−Rc|
is sufficiently large; therefore ∆ ≈ |H11 −H22| under such condition. For
R ≪ Rc E1 ≈ H11 and E2 ≈ H22; consequently ψ1 ≈ ϕ1 and ψ2 ≈ ϕ2. On the
other hand, if R ≫ Rc E1 ≈ H22, E2 ≈ H11, ψ1 ≈ ϕ2 and ψ2 ≈ ϕ1. If ϕ1 and
ϕ2 are associated to different physical behaviours of the system (for example,
a polar or a nonpolar bond) we conclude that ψ1 and ψ2 change considerably
when the system goes from R≪ Rc to R≫ Rc along an adiabatic curve.
Figure 1 shows results for a toy model given by H11(R) = 1 +R, H22(R) =
2 − R and H12(R) = 0.1. The energies in the left panel and the square of the
coefficient |c1(R)|2 in the right one clearly illustrate what we have just said. If
we move from left to right along the lower curve in figure 1 left, we start in the
state ψ1 ≈ ϕ1 and end in the state ψ1 ≈ ϕ2. On the other hand, if we follow
the upper curve we start in the state ψ2 ≈ ϕ2 and end in the state ψ2 ≈ ϕ1.
These are examples of adiabatic transitions in which we remain in the same
adiabatic state ψj . If, on the other hand, we start in ψ1 ≈ ϕ1 to the left and
go through the crossing towards the upper curve and end in ψ2 ≈ ϕ1 then we
are in the presence of a diabatic transition. We will discuss these two processes
with somewhat more detail in section 5.
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4 Example
Before proceeding with the general discussion of nonadiabatic transitions let us
consider the well known example of the alkali halides. For example, Herzberg
[15] mentions the avoided crossing between polar and nonpolar potential energy
curves of NaCl which are schematically shown in figure 2. The left and right
panels depict the diabatic and adiabatic curves U(R) = Ee(R) + Vnn(R), re-
spectively. Note that in the latter case the lowest electronic state changes from
polar to nonpolar when going through the avoided crossing from left to right
while the upper state behaves in the opposite way. The avoided crossing comes
from the fact that both states are 1Σ+ and cannot cross. Kauzmann [16] and
Devaquet [3] carried out an analysis in terms of diabatic functions of the form
χion = φCl(1)φCl(2) (α1β2 − β1α2) ,
χcov = [φCl(1)φNa(2) + φNa(1)φCl(2)] (α1β2 − β1α2) , (11)
where φNa and φCl are 3S and 3p atomic orbitals, respectively.
According to Kauzmann: “The true wave function of the NaCl molecule is
a hybrid of the above two
ψ = aχion + bχcov, (12)
the coefficients a and b being functions of the interatomic distance, whose values,
along with that of the corrected energy, may be found by means of the Rayleigh-
Ritz method.” Devaquet [3] adds that “the gap g between the adiabatic states
(in the case where the overlaps between χion and χcov is neglected) will be twice
the matrix element 〈χcov|H |χion〉 where H denotes the total Hamiltonian of
the molecule. Both one-electron and two-electron terms in H will give contribu-
tions.” This analysis is appealing but unfortunately one cannot take it seriously
because the authors failed to indicate why it is possible to describe the electronic
structure of a 28-electron molecule by means of a pair of two-electron wave-
functions. One may reasonably ask about the meaning of the matrix element
〈χcov|H |χion〉 of a 28-electron Hamiltonian between 2-electron functions. This
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kind of analysis should not be carried out (even on a qualitative basis) unless
one defines a suitable model, which in this case means an effective two-electron
Hamiltonian for an approximate description of the two valence electrons. Al-
ternatively, one should indicate which 28-electron functions are schematically
represented by the two-electron functions (12) that may probably be built by
means of the valence bond method.
5 Time-evolution
In this section we discuss the time-evolution of an electronic molecular state due
to the classical motion of the two nuclei. According to quantum mechanics the
time-evolution of an state ψ is given by the Schro¨dinger equation
ih¯
∂
∂t
ψ = Hψ. (13)
In order to derive general expressions it is convenient to consider an ansatz of
the form
ψ =
∑
j
cj(t)e
−iej(t)/h¯ϕj , (14)
where {ϕj , j = 1, 2, . . .} is a complete set of suitable orthonormal functions
independent of time
∂ϕj
dt
= 0. (15)
If ψ is normalized at some initial time t = t0 then it will be normalized at all
times because H is Hermitian
∑
j
|cj(t)|2 = 1. (16)
The quantities ej(t) depend on time, have units of energy×time and will be
determined later. If we introduce the ansatz (14) into (13) we have
∑
j
(ih¯c˙j + e˙jcj) e
−iej/h¯ϕj =
∑
j
cje
−iej/h¯Hϕj , (17)
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where a point indicates time derivative. We now apply the ket 〈ϕn| from the
left
(ih¯c˙n + e˙ncn) e
−ien(t)/h¯ =
∑
j
cje
−iej/h¯Hnj , Hnj = 〈ϕn|H |ϕj〉 , n = 1, 2, . . . ,
(18)
and choose
e˙n = Hnn, (19)
in order to remove the diagonal terms
ih¯c˙n =
∑
j 6=n
cje
iunj/h¯Hnj , unj =
en − ej
h¯
. (20)
It is worth noting that the derivatives
u˙nj =
Hnn −Hjj
h¯
= ωnj, (21)
have units of angular frequency.
In order to apply these expressions to the two-level model discussed in sec-
tion 3 we restrict them to the case that n, j = 1, 2; therefore, the system of
equations (20) reduces to
ih¯c˙1 = c2e
iu12/h¯H12,
ih¯c˙2 = c1e
iu21/h¯H21, (22)
where u12 = −u21 and H12 = H∗21. For simplicity we define
w =
H12e
iu12
h¯
, (23)
that leads to somewhat simpler equations
c˙1 = −iwc2,
c˙2 = −iw∗c1. (24)
This problem is commonly analysed in terms of differential equations of
second order [5–7]. To this end we differentiate the first equation in (24) with
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respect to time and then express c˙2 and c2 in terms of c1 and c˙1 using the same
system of equations:
c¨1 = −iw˙c2 − iwc˙2 = w˙
w
c˙1 − |w|2 c1. (25)
Analogously, we can derive a similar equation for c2:
c¨2 =
w˙∗
w∗
c˙2 − |w|2 c2. (26)
If we assume that ψ(t0) = ϕ1 (that is to say: c1(t0) = 1, c2(t0) = 0) then
the initial conditions for the differential equation (25) are
c1(t0) = 1, c˙1(t0) = 0. (27)
The probability that the system remains in ϕ1 at some t > t0 is given by
P1(t) = |〈ϕ1| ψ(t)〉|2 = |c1(t)|2 . (28)
As argued in the preceding section H11(R) and H22(R) cross at R = Rc. We
can expand all the relevant quantities in a Taylor series about this point:
ϕk(rj , R) = ϕk(rj , Rc) + ϕ
(1)
k (rj , Rc) (R−Rc) + . . . .
H12(R) = H12(Rc) +H
(1)
12 (Rc) (R−Rc) + . . . .
H11(R)−H22(R) = ∆H(1)(Rc) (R−Rc) + . . . . (29)
If we just keep the leading terms we can assume that ϕk and H12 are almost
independent of R in such a first-order approximation and that H11−H22 varies
linearly with R. The coefficient
∆H(1)(Rc) =
∂
R
(H11 −H22)
∣∣∣∣
R=Rc
, (30)
will be relevant for subsequent discussion. Note that it is the difference between
the slopes of H11(R) and H22(R) at the diabatic crossing R = Rc.
Let us assume that the nuclei move according to classical mechanics with a
constant velocity R˙ = v so that R(t) = R0 + v (t− t0). If R (tc) = Rc we have
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Rc = R0 + v (tc − t0) and R − Rc = v (t− tc). Because of what we have just
argued about equations (29) we conclude that the functions ϕk are independent
of time, which is consistent with equation (15), and that
dH12
dt
= 0. (31)
For this reason
w˙ = iu˙12w = i
H11 −H22
h¯
w = iω12w, (32)
and equation (25) becomes
c¨1 = iω12c˙1 − |w|2 c1, |w| = |H12|
h¯
. (33)
From all the assumptions outlined above we conclude that
ω12 =
H11 −H22
h¯
=
α (t− tc)
h¯
, α = ∆H(1)v. (34)
Thus, the differential equation of second order becomes
c¨1 = i
α (t− tc)
h¯
c˙1 − |w|2 c1. (35)
All the calculations are much simpler if we work with dimensionless equations
with the smallest number of model parameters. To this end we define the
dimensionless time
s = |w| (t− tc) =
∣∣∣∣H12h¯
∣∣∣∣ (t− tc) , (36)
so that
c′′1 = iλsc
′
1 − c1, λ =
α
h¯ |w|2 =
h¯α
|H12|2
=
h¯∆H(1)v
|H12|2
, (37)
where the prime stands for derivative with respect to s. Since c˙1 = |w| c′1, the
boundary conditions become
c1(s0) = 1, c
′
1(s0) = 0. (38)
The advantage of equation (37) is that it depends on only one parameter λ.
Note that it increases with the difference between the slopes of H11(R) and
H22(R) at R = Rc, with the relative velocity of the nuclei and decreases with
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the magnitude of the gap between the adiabatic curves at R = Rc. When λ = 0
the system simply oscillates between the two states: c1(s) = cos (s− s0).
Figure 3 shows |c1|2 (s) for s0 = −10 and two values of λ. We appreciate
that the probability that the system remains in the state ϕ1 when s→∞ agrees
with the limit given by the celebrated Landau-Zener formula [5–7]
P1 = exp
(
−2π
λ
)
, (39)
written in terms of the only parameter in the dimensionless equation (37). On
the other hand, the probability of the transition from the state ϕ1 to the state
ϕ2 is given by P2 = 1− P1. Note that |c2|2 (s) = 1− |c1|2 (s) is the probability
of a diabatic transition from the lower to the upper curve in figure 1 left. On
the other hand, |c1|2 (s) is the adiabatic transition in which the system remains
in the lower curve in that same figure. Figure 3 shows that the probability of an
adiabatic transition increases with λ. We obtained the numerical data for this
figure by means of the fourth-order Runge-Kutta method built in Derive [17]
(see page 266).
In closing this section we mention that the Landau-Zener approach exhibits
several limitations already summarized by Geltman and Aragon [8] in a peda-
gogical paper (more rigorous analyses can be seen in the references therein).
6 Conclusions
We have seen that two adiabatic potential-energy curves cannot cross unless
their interaction vanishes at the crossing point. Commonly, they exhibit an
avoided crossing that looks as if they repel each other. If the nuclei are treated
as classical particles they can remain on the same adiabatic curve or move
from one to the other (adiabatic and diabatic transitions, respectively). The
probability of each of these processes is determined by the relative velocity of
the nuclei, the slopes of the diabatic energies at the crossing and the gap between
the adiabatic curves at such point. The process is described by a differential
equation of second order that leads to the celebrated Landau-Zener formula
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for the transition probability [5–7]. There is a trick in the development of such
differential equation: the functions ϕj and the interactionH12 are assumed to be
time-independent while H11−H22 is time-dependent. That this approximation
is sound can be verified experimentally by means of classical devices [9–11].
It is worth noting that the potential-energy curves (or, more generally, the
potential-energy surfaces) appear in a quantum-mechanical description of molec-
ular systems because of the application of the Born-Oppenheimer approxima-
tion [13, 14]. In this sense, we may say that the potential-energy surfaces are
artifacts of such an approximation. It may be interesting to investigate how to
obtain results and conclusions similar to those in the preceding sections without
that approximation. In other words, how to describe the phenomena outlined
above by means of the time-dependent Schro¨dinger equation with the complete
Hamiltonian shown in equation (1).
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